Abstract. We prove Conjecture F from [VW12] which states that the complements of closures of certain strata of the symmetric power of a smooth irreducible complex variety exhibit rational homological stability. Moreover, we generalize this conjecture to the case of connected manifolds of dimension at least 2 and give an explicit homological stability range.
Introduction
The goal of this paper is to prove a generalization of a conjecture of Vakil and Wood (Conjecture F of [VW12] ). This conjecture concerns homological stability for certain subspaces of the symmetric powers defined as the complements of closures of certain strata. Here a sequence of spaces X k is said to have homological stability if the homology groups H i (X k ) are independent of k for k ≫ i.
We begin by defining the relevant subspaces of symmetric powers. Let Sym k (M ) denote the symmetric power M k /S k of a space M . Here S k denotes the symmetric group on k letters acting by permuting the terms. To any element of Sym k (M ) we can associate a way of writing the number k as a sum of positive integers by counting with what multiplicity each point appears. Such a sum is called a partition of k. For example, to the element {m 1 , m 2 , m 2 , m 3 } ∈ Sym 4 (M ) with m 1 = m 2 = m 3 we can associate the partition 4 = 1 + 1 + 2. Using this one can define the following subspaces of Sym k (M ). Definition 1.1. Let λ be a partition of k.
(i) Let S λ (M ) be the subspace of Sym k (M ) consisting of elements that have associated partition equal to λ. We call this the stratum corresponding to λ. (ii) Let D λ (M ) be the closure of S λ (M ) in Sym k (M ). This is the discriminant corresponding to λ. (iii) Let W λ (M ) be the complement of D λ (M ) in Sym k (M ). We call this the complement of the discriminant corresponding to λ.
If λ is a partition of k, we can obtain from it a partition of k + 1 by adding another 1 to λ. More generally we can add j additional 1's to obtain a partition of k + j, which we denote by 1 j λ. In other words, if λ = m 1 + . . . + m i , then 1 j λ is the partition 1 + . . . + 1 + m 1 + . . . + m i where there are j additional 1's. Some of these spaces are familiar. For example, the space W 1 k−2 2 (M ) = S 1 k (M ) is the configuration space of k distinct unordered points in M , often denoted C k (M ). Similarly W 1 k−c−1 c+1 (M ) is called the bounded symmetric power of M , often denoted Sym ≤c k (M ). It can be defined as the subspace of Sym k (M ) where no point of M has multiplicity greater than c. For general λ, one can think of W λ (M ) as those elements of Sym k (M ) that cannot be made to have associated partition λ by an arbitrarily small perturbation. We can now state Conjecture F of [VW12] . Theorem 1.3. Let M be a connected manifold of dimension d ≥ 2, then we have that
for i ≤ j − 1 (except if M is of dimension 2 and non-orientable, in which it is i ≤ j 2 − 1). We actually give a better range that depends on M as well as λ, described by functions f in the non-orientable case. Here N 0 denotes the non-negative integers. In particular, the slope of the function f or M,λ (j) is a + 1 with a < dim M − 1 the largest integer such that the reduced rational homology groupsH i (M ; Q) vanish for i ≤ a (later referred to as condition ( * ) a ). The use of rational coefficients is essential in many parts of the argument but not all. See Remark 3.14 for a discussion of what results hold with integral coefficients.
In general, the isomorphism of Theorem 1.3 is given by a transfer map which is described in Definition 6.2. When M is the interior of a manifold with non-empty boundary, one can also define a stabilization map t : W 1 j λ (M ) → W 1 j+1 λ (M ) (see Definition 3.1) given by "bringing a particle in from infinity." The stabilization map induces an isomorphism on rational homology in the same range as the transfer map. Our result uses homological stability for symmetric powers and configuration spaces of unordered distinct particles as input. It does not use homological stability for bounded symmetric powers and hence gives a new proof of Theorem 1.6 of [KM13a] with an improved range. Indeed, for orientable manifolds the range one obtains for Sym
Conjecture F was motivated by Theorem 1.30 of [VW12] which asserts that for λ a partition of k, the limit of [W 1 j λ (X)]/[Sym j+k (X)] as j → ∞ exists in a certain localization of the dimensional completion of Grothendieck ring of complex varieties. As an abelian group, the Grothendieck ring of varieties is defined as the quotient of the free abelian group on the set of isomorphism classes of complex varieties, modulo the relation [X] = [Z] + [X\Z] whenever Z ⊂ X is a closed subvariety. The ring structure is induced by Cartesian product. The conjecture is part of a larger question concerning the relationship between homological stability and stability in the Grothendieck ring of varieties. For many sequences of varieties with homological stability, Vakil and Wood were able to prove that the corresponding elements in the Grothendieck ring stabilize. For W 1 j λ (X) the corresponding elements in the Grothendieck ring also stabilize, but homological stability was previously not known. Conjecture F is then obtained from the idea that one should expect homological stability in situations where there is stability in the Grothendieck ring and vice versa.
There is a close but not exact relationship between the homology of a variety and its corresponding element in the Grothendieck ring. Using motivic zeta functions and a heuristic they dub "Occam's razor for Hodge structures," Vakil and Wood also developed a procedure for predicting rational Betti numbers from elements of the Grothendieck ring. This perspective was designed to explain the apparent correlation between the two types of stability and give a prediction for the stable homology. Although there are some examples where Vakil and Wood's predictions of the stable homology is incorrect, see e.g. [KM13b] and [Tom13] , we know of no examples where they make incorrect predictions regarding whether a sequence of spaces has rational homological stability. It would be interesting to know under what conditions stability in the Grothendieck ring is in fact equivalent to rational homological stability. Remark 1.4. We recently learned that TriThang Than independently proved our main theorem for connected open oriented manifolds M of dimension greater than one that are the interior of a compact manifold with boundary [Tra13] . His work similarly uses compactly-supported cohomology, but filters W 1 j λ (M ) instead of its complement. The range he obtains is * ≤ j+k 4 − 1 2 . 1.1. Outline. In Section 2, we describe a spectral sequence for computing compactly supported cohomology associated to an open filtration. In Section 3, we prove Theorem 1.3 when M is an even dimensional orientable manifold which is the interior of a manifold with non-empty boundary. In odd dimensions or when M is not orientable, there are extra complications stemming from the fact that W 1 j+1 λ (M ) is not orientable. In Section 4 we discuss how to modify the proof when dim M is odd but M is orientable and in Section 5 we address the case that M is not orientable. In Section 6, we discuss how to remove the hypothesis that M is the interior of a manifold with non-empty boundary.
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Compactly supported cohomology
The use of compactly supported cohomology for proving homological stability results was pioneered by Arnol'd in [Arn70] . In this section we review basic properties of compactly supported cohomology and describe a spectral sequence associated to an open filtration. If N j is a sequence of orientable manifolds each of dimension n j , then H * (N i ) ∼ = H * (N i+1 ) for * ≤ r i if and only if H To check that this converges and compute what it converges to, it suffices to note that a spectral sequence of an exact couple has E ∞ -page equal to the associated graded of a filtration F s A ∞, * of A ∞, * if there are only finite many p such that i : A p,q → A p+1,q−1 is not an isomorphism and A −∞, * = 0. In our case A ∞, * = H * c (X) and the condition for convergence holds, because A p,q is 0 for p sufficiently small and A p,q = H p+q c (X) for p sufficiently large.
The proof for open oriented manifolds of even dimension
In this section we assume that we are working with a connected oriented manifold M of even dimension d = 2n that is the interior of a manifold with non-empty boundary. We also assume that d is at least 2.
Our strategy in this section can be summarized as follows. We will filter D λ (M ) by open sets whose differences are spaces where stability for compactly supported cohomology is already known. We will use the spectral sequence from Proposition 2.2 to show that D 1 j λ (M ) has stability for compactly supported cohomology. Using homological stability for symmetric powers and Poincaré duality, we will see that symmetric powers have stability for compactly supported cohomology. Since Sym
, we will be able to deduce stability for the compactly supported cohomology of W 1 j λ (M ) using Proposition 2.1. Using Poincaré duality, this is equivalent to rational homological stability for the spaces W 1 j λ (M ).
We start by defining the stabilization map. Let M be the interior ofM , a connected manifold with non-empty boundary ∂M . We do not requireM to be compact. Let D
k denote the open k-disk and D k denote the closed k-disk. Pick an embedding φ :D 2n−1 ֒→ ∂M and homeomorphism
Definition 3.1. The stabilization map t :
is the map induced by applying ψ to every point in the configuration.
Note that this map depends on a choice of embedding and homeomorphism. However, up to homotopy, it only depends on choice of component of ∂M . Since R 2n is contractible,
. However, our proof of homological stability will use compactly supported cohomology. From this perspective, the copy of R 2n is relevant. In particular, it makes the stabilization map an open embedding so it induces a map on compactly supported cohomology. In a similar fashion, one can define stabilization maps for the discriminant D λ (M ), stratum S λ (M ) and symmetric power Sym k (M ). To state the main result of this section, we need the following definition. Definition 3.2. A manifold M is said to satisfy condition ( * ) a for a < dim M − 1 if we have that
The goal of this section is to prove the following proposition.
Proposition 3.3. Let M be a connected oriented manifold of even dimension d = 2n that is the interior of a manifold with boundary. The stabilization map t * :
In the next two sections we will see that the same is true for odd dimensional manifolds and manifolds which are not orientable. However, in those cases there will be some orientation issues. These do not occur if the dimension is even and the manifold is orientable, the case to which the original conjecture pertains, so for the convenience of the reader we separated the proofs.
An elementary collapse of a partition λ is a partition λ ′ which is identical to λ except two integers have been replaced by their sum. A partition λ is called a collapse of λ ′ if λ ′ can be constructed from λ by a sequence of elementary collapses. For example, 1 + 2 + 2 + 4 is a collapse of 1 + 1 + 1 + 1 + 2 + 3. For λ a partition of k, let col(λ) be the set of partitions of k λ ′ such that λ is a collapse of λ ′ . If λ consists of r integers and λ ′ consists of p integers, then the depth of λ ′ is defined to be r − p. It is also equal to the number of elementary collapses necessary to obtain λ ′ from λ. Let col i (λ) be the subset of col(λ) of collapses of depth i.
These collapses correspond to the strata in a stratification of D λ (M ); the partition associated to any x ∈ D λ (M ) must be a collapse of λ and the subspace of elements corresponding to collapses of depth i is a union of codimension 2ni submanifolds. The discriminant D λ (M ) is the union of the spaces
To apply the spectral sequence from Proposition 2.2 to study the compactly supported cohomology of D λ (M ), we need to define a filtration of D λ (M ). To that end, we introduce the following notation: 
There is a similar spectral sequence converging to H p+q c
respects the spectral sequences of Corollary 3.5. Moreover, the map on the E 1 -pages is induced by the stabilization maps
Recall that open embeddings induce maps on compactly supported cohomology via extension by zero. The stabilization map is an open embedding compatible with the filtrations used in Corollary 3.5.
The stabilization map t induces a map t :
Lemma 3.7. For fixed p the map t :
Given a partition λ, the number of 1's in λ is defined to be the largest number i such that λ = 1 i λ ′ for some partition λ ′ .
Lemma 3.8. Each λ ′ ∈ col p (1 j λ) has at least j − p 1's.
To prove compactly supported cohomological stability for D 1 j λ (M ) using Corollary 3.5, we need to know that the spaces S 1 j λ ′ (M ) have compactly supported cohomological stability. Since these spaces are manifolds, compactly supported cohomological stability is equivalent to homological stability.
Lemma 3.9. Let λ be a partition with i 1's. The map t * :
Proof. Let λ ′ be the partition such that 1 i λ ′ = λ and let r be the cardinality of λ ′ , i.e. λ ′ is given by m 1 + . . . + m r . There is a fiber bundle:
The map S λ (M ) → S λ ′ (M ) is the map that forgets all of the points labeled by the number 1. The stabilization map induces a map from the Serre spectral sequence for this fibration to the Serre spectral sequence for fibration associated to S 1 λ (M ).
The result now follows by spectral sequence comparison and the homological stability ranges of Church and Randal-Williams: a range * < i for all dimensions ≥ 2 from Corollary 3 of [Chu12] , a range * ≤ i for all dimensions ≥ 3 from Theorem B of [RW13] and the improved range with vanishing reduced Betti numbers from Proposition 4.1 of [Chu12] .
Two remarks are in order. Firstly, Church's results concern the transfer map, not the stabilization map. This is not an issue as Lemma 6.2 shows that these maps are rationally mutually inverse in the stable range. Secondly, if M has the property thatH i (M ; Q) = 0 for i ≤ a with a < dim M − 1, then by Mayer-Vietoris M \{r points} has the same property.
Corollary 3.10. Let λ be a partition of k with cardinality r. For each λ ′ ∈ col p (1 j λ), the map
is an isomorphism in the following ranges:
Proof. Pick λ ′ ∈ col p (1 j λ) and let i be the number of 1's in λ ′ . Note that R 2n ×S λ ′ (M ) and S 1 λ ′ (M ) are orientable manifolds of dimension 2n(r + j − p+ 1). Using Poincaré duality and Lemma 3.9, we see that
, and (iii) * > 2n(j + r − p + 1) − (a + 1)i if condition ( * ) a holds. By Lemma 3.7, i is at least j − p. The claim follows.
Lemma 3.7 and Corollary 3.10 imply that the stabilization map induces isomorphisms between large portions of the E 1 -pages of the spectral sequences associated to
Corollary 3.11. Let λ be a partition of k with cardinality r. The stabilization map induces an isomorphism
Proof. In Lemma 3.6, we observed that the stabilization map induces maps between the two spectral sequences of Corollary 3.5. The E 1 -page of the spectral sequence associated to the open filtration of R 2n × D 1 j λ (M ) has columns given by 0 if p < 0 and by the direct sum
for p ≥ 0. The E 1 -page of the spectral sequence associated to the open filtration of D 1 j+1 λ (M ) has columns given by 0 if p < 0 and by the direct sum
We can combine these into a relative spectral sequence converging to the relative compactly supported cohomology of the stabilization map on the discriminants with E 1 -page relative compactly supported cohomology of the stabilization maps on the strata. We make the following remarks about the E 1 -page of the relative spectral sequence.
(a) The E 1 -page is zero for p < 0. (b) For dimension reasons, if p ≥ 0 the pth column is concentrated in degrees −p ≤ q ≤ 2n(r + j − p + 1) − p. (c) The stabilization map induced an isomorphism on the indexing set of the direct sum for p < j by Lemma 3.7 and for 0 ≤ p < j by Corollary 3.10 the stabilization map induced an isomorphism on each summand in pth column in the ranges (i) q ≥ 2n(j +r−p+1)−j +p−p = 2n(j +r−p+1)−j if dim M > 2, (ii) q > 2n(j +r−p+1)−j if dim M = 2, and (iii) q > 2n(j +r−p+1)−(a+1)(j −p)−p if the first a reduced Betti numbers vanish. Thus for 0 ≤ p < j the E 1 -page of the relative spectral sequence vanishes in the same range. From this we can find vanishing ranges for the E 1 -page of the relative spectral sequence:
The next ingredient is rational stability for compactly supported cohomology of symmetric powers.
Lemma 3.12. The stabilization map for symmetric powers induces an isomorphism
If condition ( * ) a holds the range can be improved to * ≥ 2n(k + j + 1) − (a + 1)i.
Proof. Steenrod proved that t induces an isomorphism on homology in the range * ≤ k + j (see e.g. Equation 22 .7 of [Ste72] ). The improved range * ≤ (a+ 1)(k + j) if condition ( * ) a holds can be deduced from the explicit description of the homology given by Milgram in [Mil69] . The lemma would follow from Poincaré duality if the symmetric powers of M were orientable manifolds. They are not manifolds in dimensions greater than two, but they are rational Poincaré duality spaces. To see this, first note that the space M i is a manifold and is orientable if M is. Since M is even dimensional, the symmetric group action respects the orientation. Thus the Poincaré duality isomorphism
If X is a locally finite CW-complex and G is a finite group, then H * (X; Q) G ∼ = H * (X/G; Q). Similarly under these conditions we have H * c (X; Q) G ∼ = H * c (X/G; Q). Here the subscript on H * (X; Q) G denotes the coinvariants and the superscript H * c (X; Q) G denotes the invariants. Since Poincaré duality interchanges coinvariants and invariants,
. Thus symmetric powers have rational Poincaré duality and so the claim follows.
Remark 3.13. Actually, one can avoid the input of stability in compactly supported cohomology for symmetric powers. Since Sym j (M ) = D 1 j (M ), Corollary 3.11 applied to λ = ∅ shows that the compactly supported cohomology of Sym j (M ) stabilizes. Using Poincaré duality, this gives a new proof of rational homological stability for symmetric powers. Unfortunately, this proof gives ranges that are worse by a shift of 1 if dim M > 2, or 2 if dim M = 2 or when condition ( * ) a holds.
We now prove Proposition 3.3
Proof of Proposition 3.3. Note that D 1 j λ (M ) is a closed subspace of Sym k+j (M ) with complement W 1 j λ (M ). Proposition 2.1 gives two long exact sequences and the stabilization maps gives maps between the long sequences making the following diagram compute:
Using Corollary 3.11, Lemma 3.12 and the five lemma, we see that the stabilization map induces an isomorphism t * :
in the following ranges: (i) * ≥ max(2n(k + j + 1) − (k + j), 2n(r + j + 1) − j + 1) + 1 if dim M > 2, (ii) for * ≥ max(2n(k + j + 1) − (k + j), 2n(r + j + 1) − j + 2) + 1 if dim M = 2, and (iii) if the first a reduced Betti numbers vanish for * ≥ max(2n(k + j + 1) − (a + 1)(k + j), 2n(r + j + 1) − (a + 1)j + 2) + 1. The shifts by 1 come from the application of the five lemma. By an argument similar to that used in Lemma 3.12, the spaces R 2n ×W 1 j λ (M ) and W 1 j+1 λ (M ) have rational Poincaré duality and are of dimension 2n(k + j + 1). This translates stability for compactly supported cohomology to homological stability with ranges (i) * ≤ min(k + j, 2n(k − r) + j − 1) − 1 if dim M > 2, (ii) * ≤ min(k + j, 2n(k − r) + j − 2) − 1 if dim M = 2, and (iii) * ≤ min((a + 1)(k + j), 2n(k − r) + (a + 1)j − 2) − 1 if condition ( * ) a holds. This is the homological stability range claimed in Equation 1 of Proposition 3.3.
Remark 3.14. If dim M > 2, we are forced to work with rational coefficients because the spaces W 1 j λ (M ) do not have integral Poincaré duality. However, if dim M = 2 we can prove stability integrally, because W 1 j λ (M ) is a manifold and hence has integral Poincaré duality. Almost all of the arguments of this section go through unchanged to prove that H * (W 1 j λ (M ); Z) stabilizes if dim M = 2. The one modification needed is the following. Instead of using the results of Church in [Chu12] and RandalWilliams in [RW13] on rational homological stability for S 1 j (M ), we use the integral results of Segal; in Proposition A.1 of [Seg79] he proved that t : S 1 j (M ) → S 1 j+1 (M ) induces an isomorphism on integral homology for * ≤ j/2. Therefore, we have that t * :
When we consider closed manifolds in Section 6, the use of rational coefficients will also be unavoidable. In fact, from the presentation of the spherical braid group given in [FVB62] , one sees that H 1 (W 1 j 2 (CP 1 ); Z) = Z/(2j + 2)Z. Hence integral homological stability fails for closed manifolds, even in dimension two.
We also note that these techniques show that the spaces S 1 j λ (M ), D 1 j λ (M ), W 1 j λ (M ), Sym j+k (M ) have stability for appropriately shifted integral compactly supported cohomology provided M is a connected manifold that is the interior of a manifold with non-empty boundary and has dimension at least 2. For Sym j+k (M ), this is Proposition A.2 of [Seg79] .
The proof for open oriented manifolds of odd dimension
In this section we explain the modifications that are necessary to the argument of the previous section if M is a connected oriented manifold of odd dimension d = 2n + 1 that is the interior of a manifold with non-empty boundary. We will need to assume that d ≥ 3. The arguments of the previous section go through if one modifies all the statements to include the correct signs. Our goal of this section is to prove the following proposition.
Proposition 4.1. Let M be a connected oriented manifold of odd dimension d = 2n + 1 ≥ 3 that is the interior of a manifold with boundary. The stabilization map t * :
The main concern involves the signs in the Poincaré duality isomorphisms. Let ǫ denote the rational sign representation of S k+j , i.e. Q in degree zero with σ ∈ S k+j acting by multiplication with (−1) sign(σ) . Let Sym k (M ) denote the ordered symmetric product, i.e. the product M k , and letW λ (M ) denote the ordered complement of the discriminant, i.e. the inverse image of W λ (M ) under the quotient map Sym k (M ) → Sym k (M ). Likewise defineD λ (M ) andS λ (M ). One can define stabilization maps for these ordered spaces in a manner similar to the unordered case. We use the convention that the newly added point is considered the first point.
In odd dimensions, Poincaré duality is not equivariant. The following lemma describes a correction to the symmetric group action on compactly supported cohomology making Poincaré duality equivariant. It will be used in the odd dimensional analogues of Lemma 3.12 and Proposition 3.3.
Lemma 4.2. If M is oriented of odd dimension, then one can make choices of orientations ofW 1 j λ (M ) and Sym k+j (M ) such that Poincaré duality gives isomorphisms
which are natural with respect to the inclusion and stabilization maps.
Proof. We have that Sym k+j (M ) ∼ = M k+j , which has dimension 2n(k + j) and is oriented by lexi-
is an open subspace of Sym k+j (M ) it is a manifold of the same dimension and inherits the orientation. This means that Sym k+j (M ) andW 1 j λ (M ) have compatible Poincaré duality isomorphisms. We recall one can compute the rational homology or rational compactly supported cohomology of quotients of finite group actions by computing coinvariants and invariants respectively. Since the group action does not preserve the orientation but acts by the sign representation, we needed to tensor compactly supported cohomology by the sign representation to make Poincaré duality equivariant.
Lemma 4.2 means that for the application of the five lemma as in the proof of Proposition 3.3, we must also use ǫ in our spectral sequence computation of the compactly supported cohomology of the discriminant. The odd dimensional replacement for the spectral sequence in Lemma 3.5 is then:
Lemma 4.3. There is a spectral sequence converging to (H p+q c
Proof. This is a consequence of invariants by a finite group action being an exact functor in characteristic zero.
Recall that a partition of a set S is defined as a set of disjoint subsets whose union is all of S. This is not to be confused with a partition of an integer. These two concepts are related as a partition of a finite has an associated partition of the cardinality of the set by remembering the cardinalities of the subsets.
We now explain how to compute the E 1 -page of this spectral sequence. Suppose that λ is a partition of k into r integers and fix a partition λ ′ ∈ col p (1 j λ), which is a partition of k + j into r + j − p integers. Let [k + j] be the set {1, 2, . . . , k + j} and ord(λ ′ ) be the collection of all partitions of the set [k + j] that have associated partition λ ′ . For example, ord(1 + 2) consists of the three elements {1}{2, 3}, {2}{1, 3} and {3}{1, 2}. The set ord(λ ′ ) has a natural action of S k+j . The components ofS λ ′ (M ) are in bijection with ord(λ ′ ), compatibly with the action of S k+j . We denote the component corresponding to Λ ∈ ord(λ ′ ) byS Λ (M ). We first state Poincaré duality forS λ ′ (M ) with the correct signs to make it equivariant:
Lemma 4.4. One can make choices of orientations ofS λ ′ (M ) such that Poincaré duality gives an isomorphism
which is S k+j -equivariant, with the S k+j action on the left-hand side induced by the action on Sym k+j (M ) and the action on the right-hand side the induced action multiplied by a sign which we describe in the proof.
Proof. We claim that the components ofS λ ′ (M ) are orientable manifolds. For simplicity, we assume that M is smooth. However, this assumption is not essential. We will pick an orientation of the tangent bundle for each component, denotedS Λ (M ) for some partition Λ of the set [k + j] with associated partition λ ′ . An orientation of the tangent bundle ofS Λ (M ) is given as follows. Fix Λ ∈ ord(λ ′ ) and let ̟ 1 , . . . , ̟ r+j−p denote the terms in the partition, in lexicographic order by first decreasing size and then increasing smallest element. For example, if Λ = {1}{4}{2, 3}, then ̟ 1 = {2, 3}, ̟ 1 = {1} and ̟ 3 = {4}. Any element x ∈S Λ (M ) can be described by distinct points x 1 , . . . , x r+j−p labeled by ̟ 1 , . . . , ̟ r+j−p respectively, so that the ordering gives an isomorphismS Λ (M ) ∼ =S 1 r+j−p (M ). Ordered configuration spaces of an oriented manifold have a canonical orientation by taking the orientations at each of the points in the configuration in order.
The ordering of the terms in each partition gives a bijection Λ ∼ = [r + j − p]. By using the explicit orientations given above we note that if σ ∈ S k+j translates from the Λ-component to the Λ ′ -component it multiplies the orientation by the nth power of the sign of σ considered as an element of
. This is the extra sign described in the statement of the proof and we denote this by ǫ(Λ → Λ ′ ).
Since we are interested in proving stability for (H * c (D 1 j λ (M ); Q) ⊗ ǫ) S k+j , we are not interested in the invariants of the compactly supported cohomology groups of the strata. Instead the relevant groups are the invariants of its tensor product with the sign representation.
Fix for each λ ′ ∈ col p (1 j λ) a choice Λ ∈ ord(λ ′ ) and let Stab(Λ) ⊂ S k+j be the permutations preserving the partition Λ. Suppose that the partition λ ′ has n(1) terms of length 1, n(2) terms of length 2, etc. There is a natural isomorphism Stab(Λ) ∼ = ∞ l=1 S l ≀ S n(l) , a product of wreath products of symmetric groups. Let η Λ be the representation of this group given by the composition of projection to ∞ l=2 S l ≀ S n(l) and taking the product of the signs of its canonical homomorphisms to S ∞ l=2 ln(l) (given by block sum) and
Lemma 4.5. Poincaré duality gives an isomorphism
Proof. The invariants in the statement of the lemma are given by the coinvariants of direct sum
by S k+j where S k+j acts by the induced maps and a sign given by the product of ǫ and ǫ(Λ → Λ ′ ) if translating from Λ to Λ ′ . Since the action on the components is transitive, this is naturally isomorphic to the coinvariants by Stab(Λ) of H * (S Λ (R n ); Q) for some Λ ∈ ord(λ ′ ). We can identify Stab(Λ) with the permutations that preserve the partition Λ. Now the action is via the induced maps and a sign is given by the product of ǫ and ǫ j+r−p , the latter being given by the homomorphism Stab(Λ) → S j+r−p by the action of the terms of the partition Λ, ordered lexicographically as before to be identified with the ordered set [j + r − p]. In particular, the signs coming from the length 1 terms cancel against the sign ǫ. The other signs combine to form η Λ .
For even dimensional manifolds, we used the result that the spaces S 1 j λ (M ) have homological stability. In odd dimensions, we will instead need to know that the groups H * (S 1 j λ ′ (M ); Q)) stabilize.
Lemma 4.6. Let λ be a partition with i 1's. The map t * :
Proof. Recall that H * (S λ (M ); Q) and H * (S 1 λ (M ); Q) were defined as coinvariants of some group actions on H * (S Λ (M ); Q) and H * (S 1 Λ (M ); Q) respectively with Λ ∈ ord(λ).
Note thatS Λ (M ) is a configuration with i particles labeled by sets of cardinality 1 and the remaining particles labeled by r bigger sets. Let Λ ′ consist of those subsets in Λ that do not have cardinality 1. Then there is a fibrationS
-equivariant where the action on the first term is via the projection to S 1 ≀ S n(1) = S i (note that n(1) = i), on the middle term is via the original action and on the last term is via the projection to ∞ l=2 S l ≀ S n(l) . Going through the construction of the Serre spectral sequence, but now including the sign coming from η 1 j Λ and taking coinvariants (which is an exact functor with rational coefficients) we get a spectral sequence with
Since the term S 1 ≀ S n(1) = S i acts trivially on the base, we can identify the E 2 -page with
Considering the same construction for 1Λ, we see that we get a map of spectral sequence inducing the stabilization map on the E ∞ -pages. On the E 2 -page this map is induced by the stabilization map of the fibers S 1 i (M \r points) → S 1 i+1 (M \r points)) which is a stabilization map between unordered configuration spaces. This is known to be an isomorphism in the ranges in the statement of the lemma. Since the base and the coinvariants of the group action are the same, we get an isomorphism on the E 2 -page in a range. The lemma now follows from a spectral sequence comparison theorem.
Given these modified lemmas as input, the proof of Proposition 4.1 now follows along the lines of the proof of Proposition 3.3.
The proof for non-orientable manifolds
In this section we explain how to modify the proofs of the previous two sections to non-orientable manifolds. This is similar to how Segal treats the non-orientable case in Appendix A of [Seg79] .
Therefore, we can still use spectral sequence comparison and untwisted homological stability for S j (M \{r points}) to conclude that H * (S 1 j λ (M ); ω ⊗ω ′ ) stabilizes. Poincaré duality now gives stability for H * c (S 1 j λ (M ); ω). The rest of the modifications are straightforward. In the odd dimensional case, one similarly modifies the proof by using the orientation local coefficient system on the ordered version of the spaces, Sym k+j (M ),W 1 j λ (M ),D 1 j λ (M ) andS λ ′ (M ). This does not substantially change the arguments of Section 4 and one does not need to introduce any additional signs to make Poincaré duality equivariant. The modifications to Lemma 4.6 are similar to the modifications to Lemma 3.9 and Corollary 3.10 described in the previous paragraph.
The proof for closed manifolds by puncturing
In this section, we prove homological stability for the spaces W 1 j λ (M ) for M closed. One cannot define stabilization maps for closed manifolds as there is no way to add an extra point. Instead we use the transfer map. Our proof follows similar arguments to those used by Randal-Williams in Section 9 of [RW13] to leverage homological stability for configuration spaces of particles in open manifolds to prove homological stability for configuration spaces of particles in closed manifolds. We will first recall the definition of the transfer map τ :
. We then prove that the transfer map induces an isomorphism in the same range as the stabilization map when the manifold is open. Using an augmented simplicial space, we describe a spectral sequence computing H * (W 1 j λ (M ); Q) in terms of H * (W 1 j λ (N ); Q) with N equal to M minus a finite number of points. The transfer map will respect this spectral sequence. The theorem will follow by comparing the spectral sequence for W 1 j λ (M ) with the one for W 1 j+1 λ (M ).
Let λ be a partition of k and recall thatW 1 j λ (M ) is the ordered version of
be the map which deletes the last j − i points ofW 1 j λ (M ). This makes sense since the points ofW 1 j λ (M ) are ordered. The map del i,j is S i+k -equivariant. Here S i+k acts onW 1 j λ (M ) via the inclusion of S i+k into S j+k induced by the standard inclusion S i into S j . Thus it induces a map (del i,j ) * :
Since we are viewing S i+k as a subgroup of S j+k , we get an inclusion ι : H * (W 1 j λ (M ); Q) S j+k → H * (W 1 j λ (M ); Q) S i+k . Using this we can define the transfer map.
Definition 6.1. The transfer map τ i,j :
postcomposed and precomposed with the natural isomorphisms
For i = j − 1, we denote τ i,j by τ . We now show that τ induces a rational homology equivalence in a range for M open by proving it is the inverse to the stabilization map in the stable range.
Lemma 6.2. Let M be the interior of a connected manifold with boundary. The transfer map τ :
is an inverse to the stabilization map in the range where the stabilization map is an isomorphism.
Proof. Suppose that λ is a partition of k, then for −k ≤ j ≤ 0 we let
. Then we define σ j : B j−1 → B j to be the map on homology induced by the stabilizing map for j ≥ 1 and σ 0 to be 0 → B 0 . The transfer gives maps τ q,p : B p → B q . These satisfy τ q,p • σ p = τ q,p−1 + σ p−1 • τ q−1,p−1 and τ p,p = id. By Lemma 2.2 of [Dol62] , the map
is an isomorphism. Using this one can conclude that τ p−1,p • σ p respects this decomposition and on each summand is multiplication by a non-zero scalar. More precisely, first note that we have that τ m,m+1 • . . . But π q • τ q,p−1 is exactly the projection onto the q-summand of B p−1 . Since we are working rationally, this implies that τ p−1,p is an isomorphism when σ p is. Specializing to p = k + j gives the desired result.
Recall that a semisimplicial object is defined in the same way as a simplicial object without the data of degeneracy maps. We now describe a semisimplicial spaceW • (λ) with augmentation toW 1 j λ (M ). The ith face map is induced by the inclusion M \{m 0 , . . . , m p } → M \{m 0 , . . . , m p−1 } which fills in the ith puncture.
The above construction works equally well for p = −1, giving it the structure of an augmented semisimplicial space. Note thatW −1 (λ) =W λ (M ). We will show that the augmentation map induces a weak equivalence ||W • (λ)|| →W λ (M ). For this reason we will callW • (λ) a resolution ofW p (λ). This resolution is useful as M \{m 0 , . . . , m p } is an open manifold and so we will be able to apply Lemma 6.2 levelwise to a semisimplicial chain complex constructed fromW • (λ).
To prove that the augmentation is a weak equivalence, we will first recall the definitions of microfibrations and flag sets. We are interested in these definitions since every microfibration with weakly contractible fibers is a weak equivalence and there is an easily checked condition for the contractiblity of the geometric realization of a flag set. The following proposition was proven by Weiss in Lemma 2.2 of [Wei05] .
Proposition 6.5. A microfibration with weakly contractible fibers is a weak equivalence.
We now define flag sets, a type of simplicial set where p-simplices are defined by their vertices. Lemma 6.7. Let X • be a flag set such that for each finite collection {v 1 , . . . , v N } of 0-simplices there exists a 0-simplex v such that (v i , v) is a 1-simplex for all i. Then ||X • || is weakly contractible.
Proof. Let f : S i → ||X • || be arbitrary. By simplicial approximation, we can homotope f to a map g which is simplicial with respect to some PL-triangulation of S i . Note that the image of g is contained in a finite subsemisimplicial set X 
